/C'lllaboratlvv

Learning in* 4; /j

l Secondary
x? Mathe“matlcs
~ "‘"/ j"

llanadeiderjae
v

P
s

: (I\.( )® NNNNNNNNNNNN

» &
i oa .r’.
v NCTM | TEACHERS OF HE iﬁ .




Strength
In Numbers

Collaborative
Learning in
Secondary
Mathematics

Ilana Seidel Horn
Vanderbilt University’s Peabody College
Nashville, Tennessee

4

o

()
()\ o | NATIONAL COUNCIL OF "A"(‘;‘(’:";-S”SCL”;-(;’;{J/S”;I‘&;;JM
NCTM | TEACHERS OF MATHEMATICS '

Copyright © 2013 by the National Council of Teachers of Mathematics, Inc., www.nctm.org. All rights reserved.
This material may not be copied or distributed electronically or in other formats without written permission from NCTM.



Copyright © 2012 by
The National Council of Teachers of Mathematics, Inc.
1906 Association Drive, Reston, VA 20191-1502
(703) 620-9840; (800) 235-7566; www.nctm.org
All rights reserved

Library of Congress Cataloging-in-Publication Data

Horn, Ilana Seidel.

Strength in numbers : collaborative learning in secondary mathematics / Ilana
Seidel Horn.

p. cm.

Includes bibliographical references.

ISBN 978-0-87353-663-9

1. Mathematics--Study and teaching. 2. Group work in education. 3. Effective
teaching. 4. Classroom management. I. Title.

QA20.G76H67 2011

510.71°2--dc23

2011035296

The National Council of Teachers of Mathematics is a public voice of mathematics
education, supporting teachers to ensure equitable mathematics learning of the
highest quality for all students through vision, leadership, professional development,
and research.

For permission to photocopy or use material electronically from Strength in
Numbers: Collaborative Learning in Secondary Mathematics, please access WWw.copy-
right.com or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood Drive,
Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that provides
licenses and registration for a variety of users. Permission does not automatically extend
to any items identified as reprinted by permission of other publishers and copyright
holders. Such items must be excluded unless separate permissions are obtained. It will
be the responsibility of the user to identify such materials and obtain the permissions.

The publications of the National Council of Teachers of Mathematics present a va-
riety of viewpoints. The views expressed or implied in this publication, unless otherwise
noted, should not be interpreted as official positions of the Council.

Printed in the United States of America




Contents

Introduction: Bringing Together Research and Practice ......................Vil

Chapter 1: Shifting Expectations: Classrooms as Learning Environments ........ 1
Vignette 1: Students Learning Together . ... ... ... .. e 1
Vignette 2: Facilitating Deeper Sense Making . . .. ... 2
Developing Understanding in Different Learning Environments. . .......... ... .. .. ... ... ....... 3
How Might Collaborative Learning Address Problems with Typical Math Instruction?.............. 4
SUMMATY . . . oottt et e e e e e e e e e e 6

Chapter 2: Equitable Mathematics Teaching...................coviieeeee. .9

Principles for Collaborative Learning Environments. ... ........ .. ... . ... 9
Principles for Equitable Mathematics Teaching . .. ......... .. ... . ... 13
SUMMATY . .« oo e e e e e e e e e e 16

Chapter 3: Mathematical Competence and Status: What “Being Smart” Means . . 19

The Organization of SMartness. . . .. ... ..ttt e e 19
Status versus Ability: Interrupting Ideas about Smartness . . .............o i 21
Seeing Status in the ClassToom. . . . .. ..ot e 22
The Opposite of Status Problems: Equal-Status Interactions. ... ........ ... .. .. .. oo, 24
[llustrations of Status Problems in Mathematics Classrooms. . ........... ... ... ..o, 25
Vignette 3: Benign DOminance. . . ... ...ttt 25
ANALYSIS. .« . o 26
Status INTETVENTIONS. . . . o .ottt et ettt e e e e e e 27
ASSIZNING COMPEIEIICE . .+« o vt vttt e e ettt e e e e e e e e e e e e e e e e e e 31
SUMMATY . . . oottt e e e e e e e e e e e e 32

Chapter 4: Providing Access to Meaningful Mathematics: Groupworthy Tasks. .. 35

Broadening Mathematics . . ... ...ttt e 35
Some Key Ideas about Mathematical Learning .. ........... ... i, 36
New Ideas, New Dilemmas. . . . ... ... e 38
Turning Some Pet Ideas about Mathematics Teaching on Their Heads ......................... 39
Using Groupworthy Mathematical Tasks . .. ........ .. e 40
Other Notes about Task Design . ... ..ottt e e e e e e 42

SUMMATY . . o e e e e e e e e 44



Vi Strength in Numbers: Collaborative Learning in Secondary Mathematics

Chapter 5: Fostering Positive Interdependence through Activities
ANd ASSESSINCNLS . . oo vvitninenenneneneensoneasonoasanensansneansessd]

Norms and ROULINES . . . .. ..o 47
Vignette 4: Working toward Positive Interdependence by Scaffolding Student Conversation. . . . ... .. 54
SUMMATY . .« o oo e e e e e e 59

Chapter 6: Designing for Group Work: The Teacher’s Role Before, During, and

After Instruction. .....coviii ittt ittt i ittt 61
Rethinking Curriculum: Finding Worthwhile Mathematical Ideas. . ........... ... ... .......... 62
Setting Up Your Classroom for Collaboration . .............. ... i, 63
Before Instruction: Thinking Through a Lesson. .. ........... . .. 64
During Instruction: Monitoring, Selecting, Sequencing, and Connecting . . ...................... 66
Vignette 5: Students Reconciling Different Equations to Deepen Algebraic Understanding . ........ 68
After Instruction: Reflecting and Responding to Build the Next Lesson. ... ..................... 72
SUMMATY . . . oot e e e e e e e e 74

Chapter 7: Strength in Numbers of Teachers: Collaboration with Colleagues. ....77

Benefits of Productive Collaborations .. ............ ... ... 77
Some Ways of Organizing Work with Colleagues ... .......... ... ... .. 78
Qualities of Effective Collegial Conversations. . .. .........ouuututnt ettt 84
Getting Support for Collaborative Work. . ... ... .. 84
SUMMATY . .« o oo e e e e e e e e 85

Chapter 8: Putting It All Together: Accounting for the “Dark Matter” In

Classroom Life .......couiuiiiiiiiii i i iiiiiiiiiiieiennnnn 87
Five Practices to Help Change Teaching . ... ......... ... . .. 88
SUMMATY . . . oottt e e e e e e e e e e e 93

RESOUICES ¢ v e vt ttettteeeeeennnnnneneeaaoaoeoeesseeeeeecececeecenaeneessIds

2] 5 =) (o<1 97



Providing Access to Meaningful
Mathematics: Groupworthy Tasks

So far, I have introduced several ideas that aim to shift our thinking about what teaching second-
ary mathematics means. In chapter 1, I argue that, to encompass all that children learn in school,
we need to move away from a notion of teaching as effective presentation of ideas toward a view
of teaching as designing effective learning environments. In chapter 2, I discussed equity and of-
fered four interpretive principles teachers can use to make learning environments more equitable.
In chapter 3, I introduced status and described how it influences mathematical learning and how
teachers can cultivate equal-status interactions through valuing different kinds of mathematical
smartness.

Two things are worth noting here. First, although the vignettes in earlier chapters portray
group work, the application of these main ideas extends beyond small-group settings. This is be-
cause group work as a learning environment is embedded in other aspects of instruction. Second,
while I have hinted at an underlying conception of content, I have not yet fully explained what
the mathematics itself might look like in an equitable classroom that uses collaborative learning
effectively.

Just as I proposed in earlier chapters different ways of looking at the classroom, teaching, and
students, I develop here a perspective on mathematics compatible with equitable collaborative
learning. The shift can be characterized as one that goes from ready-made mathematics to mathe-
matics in the making (the latter based on studies of scientists at work, described in Latour [1997]).
That is, instead of having children learn what has already been figured out, we teach children
mathematical content through sense making so that they learn not only Zow to do mathematics but
also why it works. In this chapter, I will describe how this broader view of mathematics supports
equitable group work.

Broadening Mathematics

Rigor and accessibility are often viewed as competing goals in mathematics teaching. The concept
may seem paradoxical at first, but increasing rigor actually can support greater access. The resolu-
tion of the paradox comes from the particular strategy for broadening content. Some may bristle

at the idea of broadening mathematics, assuming that doing so entails watering down the subject.
Instead, by expanding school mathematics to make it more closely resemble the work of mathema-
ticians, we deepen the integrity of the content and simultaneously make it more accessible.

35
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The shift toward mathematics in the making is a move toward mathematical proficiency. This
form of mathematical competence has five strands (Kilpatrick, Swafford, and Findell 2001, p. 5):

1. Conceptual understanding—comprehension of mathematical concepts, operations, and
relations

2. Procedural fluency—skill in carrying out procedures flexibly, accurately, efficiently, and
appropriately

3. Strategic competence—ability to formulate, represent, and solve mathematical problems

4. Adaptive reasoning—capacity for logical thought, reflection, explanation, and
justification

5. Productive disposition—habitual inclination to see mathematics as sensible, useful, and
worthwhile, coupled with a belief in diligence and one’s own efficacy.

When students can demonstrate these forms of mathematical thinking, they do more than just learn
mathematics. They can do mathematics. This vision of content aligns well with the rich mathemat-
ical learning environments that support equitable collaborative learning.

Researchers Magdalene Lampert and Deborah Ball conducted some of the first teaching
experiments seeking to bring mathematics in the making into elementary school classrooms.
Unlike earlier attempts to bring authentic mathematical thinking into the classroom, Lampert and
Ball paid close attention not only to the structure of the content but also to how children learned
mathematical ideas. Their rich classroom records, which include videotapes of daily lessons,
lesson plans, teacher journals, and student work, have yielded enduring images of what teaching
mathematical thinking might look like (Lampert and Ball 1998).

Important mathematical practices in their classrooms included reasoning, justification, build-
ing definitions and representations, and reconciling seemingly different approaches to problems.
These mathematical thinking practices are the key to bringing deeper content while supporting
greater access to sense making. Figure 4.1 illustrates some of the mathematical habits of mind that
can enrich classroom learning.

Some Key Ideas about Mathematical Learning

Lampert and Ball’s work was pivotal in helping teachers envision what might be possible in math-
ematics classrooms. Thanks to their work and the work of other mathematics education research-
ers, we know a lot more about how people learn mathematics since the first NCTM Standards
were written in the late 1980s. Principles and Standards for School Mathematics reflects much of
this research (NCTM 2000; Kilpatrick, Martin, and Schifter 2003).

Here are some key ideas from this research:

o 70 use knowledge flexibly, students need to understand what they are learning. Recitation
and memorization generally allow students to develop a limited mathematical compe-
tence. They may be able to produce an answer when given a similar question to one that
they have seen, but they are often stumped when they need to use their knowledge in new
situations. Also, when students learn ideas superficially, they tend not to retain them.

e  New understandings build off prior understandings. Students do not come to mathematics
classes as blank slates. They have a set of experiences, intuitions, and ideas about number
and space. Effective teaching requires that these prior understandings be engaged in the
classroom. The metaphor of a scaffold is often used to describe how teachers might start
with students’ conceptions of a topic and build toward conventional mathematical under-
standings. To be valuable, scaffolds must engage students’ understandings, not simply
wallpaper over them.
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Mathematical Habits of Mind

Representing

Exploring ideas Drawing a picture or a diagram

Conjecturing ) Visualizing
Predicting Making a model
Trying a number Using symbols <> | Checking for reasonableness
Making sense of a result Verbalizing Does my answer make sense for this
Guessing and checking Rewording the problem problem?
Trying an easier problem Does this answer make sense given my
X own experience and knowledge?
f Looking for patterns
Justifying

Why does it work?
How sure am 1?
How can | represent this

to make it convincing? {\} . .
<> Using mathematical language

Orienting/organizing
Interpreting the question

Creating subproblems

. What previous knowledge do

Categor!zmg the problem | drawpon to make my cgse’? Creating and using definitions
Corrjparlng the pfoblem What terms will | have to Mathematically precise language
Sorting out what is define in order to communicate Correct use of symbols and notation

known and unknown my argument?

A
l v /
Generalizing
Noticing which steps I'm

/ doing over and over again

Noticing what is changing

Awareness of mathematical conventions

Thinking in reverse

Working backwards
through a pattern

Working backwards
through a problem

Finding inverse processes
Decomposing into
helpful components

Predicting what comes next

Extending the ideas and
patterns

Fig. 4.1. Some mathematical habits of mind, along with the mathematical activities or
questions that support their development

e  Mathematical practices such as argumentation and justification support student under-
standing. Argumentation, justification, and generalization are thinking practices that
mathematicians engage in. They also support students’ understandings of content by
helping them learn not just the Zow of mathematics but also the why. Argumentation and
justification support the scaffolding of student thinking because asking students to justify
their thinking requires engagement of their prior understandings.

e  Students need to be encouraged to see themselves as a source of mathematical knowl-
edge. One great feature of mathematics as a subject is that it makes sense. If its underly-
ing principles are understood, others can be deduced. If students lose sight of the underly-
ing logic, they take an approach of memorizing from a textbook. Although this approach
may help them pass tests or do problems that are closely related to the ones they practice
on, they typically become paralyzed when they encounter a slightly different problem.
They also forget what they have learned too quickly. If students know how to reason
mathematically, they can often think their way through difficult problems and better
retain information. This is where mathematical proficiency comes in.

e  How students learn influences cognition, motivation, affect, and sense of self. We live
in an era that focuses mainly on the cognitive outcomes of learning. Classroom teachers
must contend with the interrelated issues of motivation, affect, and self-concept. A learn-
ing environment perspective on teaching helps make sense of these other dimensions of
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instruction, because the contexts of learning influence students’ learning of content. For
example, they influence students’ persistence on difficult problems and in the subject over
time, as well as their feelings about mathematics, including contributing to or detracting
from math anxiety. As we discussed in chapter 3, the status dimension of classroom inter-
actions can profoundly affect how students think of themselves as mathematics learners.

New Ideas, New Dilemmas

Most educators would not argue against the idea of teaching for understanding. Intuitively, people
usually realize that they learn better and have more flexible knowledge when they have a deep
understanding of an idea. To teach with this goal in mind certainly requires a departure from the
traditional mathematics classrooms described in chapter 1. Teaching mathematics for understand-
ing poses new challenges.

For instance, how do we build off the prior knowledge of thirty people in one classroom?
Getting a handle on one student’s understandings of a single curricular topic can be challenging
enough. Also, how is a lone teacher to do this for every student in every class for every topic,
when secondary teachers teach five or six sections a day? Likewise, when we dig into student un-
derstandings, we might stumble upon gaping holes in their knowledge base, which leads to a new
dilemma. Do we follow the students or follow the curriculum?

Although complex instruction cannot entirely resolve these dilemmas, effective small-group
learning can help address some of these tensions for teachers. To achieve efficacy, we first must
address some common assumptions about mathematical learning.

Mathematics Is a Group of Connected Ideas

To productively direct students’ sense making, teachers need to shift away from a primarily
hierarchical view of mathematics to a connected view. Although we tend to think of mathematics
as progressing in a sequence, with students needing to wholly master prerequisite skills before
they can learn new ones, this is often not the case. To be clear: mathematics certainly has a logi-
cal deductive structure, yet nobody would propose teaching out of the Principia Mathematica.
(The Principia Mathematica is a three-volume work on the foundations of mathematics, written
by Alfred North Whitehead and Bertrand Russell and published in the early twentieth century. It
sought to derive all mathematical truths from a set of axioms by using logical deduction.) Bringing
this point closer to secondary content: understanding algebra before having gained fluency in mul-
tiplication facts might be difficult, but there is no reason why students cannot develop the concept
of variable and inverse operations to solve equations while they work on their computational fluen-
cy in multiplication. Although teachers need to respond to gaps in student knowledge, the missing
pieces do not necessarily require a complete reteaching of older topics.

Mathematics Is Not Strictly Hierarchical

The opposite of a connected view of mathematics is a hierarchical view. In this perspective,
mathematics is a sequence of topics that necessarily build off one another. In traditional second-
ary mathematics curricula, this sequence culminates in the study of calculus. A connected view

of mathematics, in contrast, emphasizes the discipline’s big ideas and what have been referred to
as habits of mind (Cuoco, Goldenberg, and Mark 1996). In the algebra example, helping students
develop a concept of variable and of inverse operations emphasizes understanding strategies for
equation solving. Big ideas are generalizable and appear throughout the study of mathematics.
Inverse operations simply point to the mathematical habit of mind that Mark Driscoll (1999) refers
to as doing—undoing: anything we do in mathematics, we seek to undo. This premise holds true for
arithmetic operations as well as for functions in calculus and linear transformations in groups. The
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principle extends beyond the specific topic of study, so it is generative for students’ future math-
ematical learning.

The increase in mathematical rigor comes from bringing school mathematics closer in line
with mathematics itself. The broader notion of mathematics itself provides an important shift for
the success of complex instruction. By incorporating more mathematical skills in our teaching, we
give students more opportunities to demonstrate competence. These different mathematical skills
are the source of the multiple abilities that allow us to address status in our classroom.

Turning Some Pet Ideas about Mathematics Teaching on
Their Heads

Before we construct tasks that will support collaborative learning, we must first challenge a few
pet ideas about mathematics teaching. Certain mathematical teaching practices come from the
hierarchical view of the subject. When we shift to a connected view, we select and organize tasks
differently. Doing so is particularly important for successful group work.

Start with Challenging Stuff, Not Easy Stuff

Classroom mathematics tasks tend to be organized so that a simple example is presented first, fol-
lowed by similar problems that gradually get harder. The problem set may or may not culminate in
a challenge problem.

What’s wrong with this approach? On the surface, it makes sense. If learners are anxious, we
want to build their confidence by allowing them the opportunity to be successful. In collaborative
learning, though, this approach is a disaster for several reasons. By presenting a problem that maps
easily onto an example, teachers inadvertently encourage students who see patterns quickly to take
over the task without involving their groupmates. Because good pattern seers tend to succeed in
school mathematics, this structure supports their ongoing dominance and reinforces existing status
problems. Also, leaving the meaty problems for the end may deprive many students from ever getting
to the substantive content. In fact, some students believe challenge problems are optional or “only
for the smart kids.” Well-chosen challenge problems serve as a good starting point for group work
because they help students get directly to the heart of mathematical issues. Finally, by starting with
challenging problems, teachers send the message that all students can engage with difficult content,
especially when students have each other as resources. Repeated experience with difficult problems
supports students’ development of the kinds of strategies that strengthen their mathematical reasoning.

In sum, starting with the easy stuff contributes to inequitable teaching. Putting challenging
content at the end of assignments limits who has opportunities to engage with these problems and,
in doing so, perpetuates the opportunity gaps that limit student learning. In addition, making chal-
lenging problems essentially optional means that many students are not pushed to learn mathemat-
ics more deeply.

Effective Group Learning Allows All Learners to Help Each Other

I often hear teachers talk about collaborative learning as offering opportunities for “fast learners”
to slow down and teach, while struggling learners get in-class tutoring from their peers.

This usual way of thinking about collaborative learning contributes to status problems. As I
said in chapter 3, students quickly size up any underlying design of your groupings. They will rec-
ognize if they are being put in the “smart one” or “minority student” slot, and they will often act
accordingly. Productive mathematical conversations weigh arguments on the basis of mathemati-
cal validity, not on who is speaking. The very act of putting students in slots assigns them a role
linked to their presumed competence, socially endowing them with different levels of authority
regardless of what they say. Likewise, if we truly create a multiple-ability classroom centered on
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problems that require a range of mathematical skills, then the added dimensions of mathematical
competence should scramble any hierarchical ranking of student ability.

Using Groupworthy Mathematical Tasks

Complex instruction requires a thoughtful design of mathematical activities. Not all classroom
work is well suited for collaborative learning. To distinguish between tasks that are and are not,
teachers have developed the idea of groupworthy tasks.

To illustrate this concept, I will take a problem that has these properties and explain how you
might use it to make it groupworthy. Take a moment to look at the task (fig. 4.2) and think through
how you might do it. Then think about what students might do.

Fractions or Not?

Looking at the following pictures. With your group, decide if the picture is a fraction or not.

Then:

e |f you think the picture is a fraction, decide what is the part and what is the whole.
Then write the fraction.

e |f you think the picture is not a fraction, explain why not.

Make sure everybody in your group can answer the teacher’s questions about how you
came up with your answers!

<

OO /
OO

QO

O
O

Fig. 4.2. The Fractions or Not? activity
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Groupworthy tasks have six common features (Lotan 2003). To be groupworthy, a task needs
to do the following:

Focus on central mathematical concepts or ideas. Once we shift our thinking about math-
ematics from a sequence of topics to a network of ideas, we can identify which ones are
important to teach. (For more resources on processes that help identify what is important
to teach, see Wiggins and McTighe [2005].) In general, they are the topics that students
will encounter again and again, that support long-term understanding of the content,

and that illuminate important concepts. Our goal is to help students develop important
insights about these ideas so that they can use them flexibly in a variety of contexts, in
our class and in the future.

As all secondary-level mathematics teachers know, computations with fractions
are the downfall of many U.S. citizens. The mere presence of a fraction can petrify some
students. This activity helps students revisit the definition of fractions and asks them to
apply it to nonstandard diagrams. The teacher who shared this task with me had a goal
of working on conceptual fraction problems in her class to ensure that everybody had a
good grasp of what fractions were, providing a conceptual resource for them to use in
other nonstandard problem contexts.

Require some interpretation. Groupworthy tasks incorporate multiple intellectual abili-
ties. To support equal-status interactions in small-group contexts, teachers need to disrupt
classroom status hierarchies. Doing that is possible only if students have intellectually
meaningful ways to contribute different perspectives to a task. The Fractions or Not?
task requires multiple abilities. To work on this activity successfully, students need to use
the definition of a fraction and apply it to nonstandard contexts. Diagram 2, in particular,
pushes students to reconsider a familiar shape—a 90° sector of a circle, which usually
represents “4—and understand why in this situation it is actually '5. To see this, students
need to be able to reinterpret visual cues and make arguments for their interpretation of
the different diagrams.

Provide multiple ways of being competent in problem solving. Sometimes when teachers
are first using complex instruction, they think that long or multistep problems qualify as
groupworthy. This second criterion of groupworthiness is important because it sets the stage
for students’ discussion. Students at a broad range of achievement levels should have a way
into the problem. Diagram 3, in particular, is fruitful for student discussion because it can
be looked at in two different ways. Either the white square in the middle can be seen as
part of the whole or it can be viewed as empty space, leaving the other four L-shaped parts
as the whole. I have seen students passionately debate the nature of this diagram, carefully
invoking the definition of fractions in the process. Creating an open-ended task like this that
forces student interpretations allows discussion of different approaches, creating a context
for students’ justification of their thinking and the reconciliation of diverse conceptions.

Be done in a group, which bolsters students’interdependence. A well-known issue with
collaborative learning comes when one student takes over the cognitive work of a task
while the other students sit back and socialize. To eliminate this free-rider effect, teachers
need to ensure that tasks actually require the input of multiple students to work effec-
tively. (I will talk more about fostering interdependence in chapter 5.)

A single student working on this problem would not see all the different possible
ways to interpret the diagrams, and therefore the underlying concepts would not neces-
sarily surface. This problem works better in groups than it would alone. Also, the non-
standard diagrams force a considered interpretation, slowing students down and pushing
them to reassess their automatic responses.
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®  Bedesigned in a way that provides individual and group accountability. Related to the
concern about students’ simply using others’ thinking without doing any of their own,
accountability systems need to be in place that require all students to contribute. I will
get into more detail about accountability strategies in chapter 5, but I will present one
example here to illustrate. Classroom routines are one way to communicate norms and
expectations, including ones involving accountability. In many complex-instruction
classrooms, teachers answer group questions only during collaborative learning time. If a
group of students calls the teacher over, the teacher will ask, “Is this a group question?”
If not, the teacher says, “Ask each other first, and then if you still don’t know, I will
come back.” If the students answer affirmatively, the teacher will then call on any student
to state the question. The group question routine increases mutual accountability and
individual accountability. Students cannot get their individual questions answered without
first discussing them with their group. If the teacher’s help is still needed, each student
must be prepared to articulate the question and answer the teacher’s follow-up questions
about it.

®  Have clear evaluation criteria. Clear evaluation criteria are essential to any good assess-
ment. Articulating to students what you are looking for makes your expectations visible
to students. It supports the goal of autonomy because it allows students to know whether
they have fulfilled the requirements of the task. It also provides consistency across groups
of students. Evaluation criteria should be written in language that students can understand,
and should inform them about what constitutes exemplary work. For example, “An out-
standing poster will have the problem statement, your strategy, a solution statement, and a
clear justifications for your reasoning. Students from other groups should be able to walk
up to your poster and understand what you did.” For a smaller task such as Fractions or
Not?, teachers might have simpler goals, such as, “Anyone in your group should be able to
explain your answers to my questions when I check your work. Make sure you have rea-
sons for your answers.” Clear evaluation criteria support more focused and higher quality
student discussions, as well as better final products (Cohen and Lotan 2003).

~

“We know that students often walk into our math classes filled with fear but also with
hope. Math has caused them to feel stupid in the past, but they are hoping that this

year, with this teacher, will be different. More than anything else, the tools of [complex
instruction] have helped me face this enormous responsibility. For example, an emphasis
on groupworthy tasks means that | am asking students to work on harder mathematics—
harder because | am asking them to justify, use multiple representations, generalize,
connect, apply, and reverse processes. This lets me catch more students being smart and
challenge every student to work on getting smarter.”

—Carlos Cabana, Complex Instruction Educator and Mathematics Teacher

- W

Other Notes about Task Design

Finding a groupworthy problem poses the first challenge to organizing content. Usually, problems
need to be reformatted to make them suitable to group work. One dilemma of group work is that,
to air their conceptions, students in groups need some autonomy from the teacher. But teachers
cannot simply turn the conversations over to students without significant forethought. Teachers
need to ensure that student conversations center on important ideas in the curriculum. One tool
for managing this delegation of authority is the task card that teachers distribute to groups. A task
card supports group autonomy by giving students the problem to have at their tables, not just at
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the board. It differs from a worksheet by giving guidance for the activity, but it is not meant for
students to write on or turn in. Giving two cards to a group of four or five students forces students
to share resources, another way to foster interdependence. Some teachers put their task cards in
plastic sleeves to reuse them for multiple class sessions.

Because we want students to work during their collaborative time with as little teacher in-
tervention as possible, thought must go into some of the details of the task card design. Here are
some things to think about in designing a task card:

e Layout. Ideally, the task should be clearly laid out, with a set of simple directions and
diagrams. Task cards should use an appropriate font size and include a clear sequence of
directions, diagrams, probing questions, and evaluation criteria. Take care not to pro-
ceduralize the task, however. Leaving some ambiguity gives students something to talk
about.

e Language. A mathematical task should not become a reading comprehension exercise.
Problems need to be simply stated. Most word processing programs have an easy way to
check for the reading level of any text you produce. Aim for two grade levels below your
students’ grade. Doing so may require finding words with fewer syllables and breaking
text into shorter sentences. Be mindful of English language learners, and note any math-
ematical language or problem contexts that might be unfamiliar.

®  Representations. Diagrams, number lines, and graphs are some representations that are
central to mathematics. Not only do they potentially push students’ thinking, but they
might also serve as a resource for students who are good visual thinkers. Also, English
language learners might be able to make sense of a problem using diagrams or manipula-
tives more successfully than they could a standard word problem.

e  Evaluation criteria. On a task card, communicate to students what you are looking for, ei-
ther on their written work or in their conversations. Doing so lets students know that they
are all individually accountable for the group’s thinking and emphasizes the teacher’s
interest in the justification for the responses.

By allowing students to work together on groupworthy tasks, teachers give students
opportunities to develop academic language. From chapter 1, recall that the IRE (initiation—
response—evaluation) instructional format allows only one turn of talk from one student to respond
to a known-answer question. This format does not give students opportunities to develop verbal
fluency in academic language or cultivate mathematical habits of mind. When concepts are devel-
oped in small-group settings with richly represented problems, students can first engage with ideas
by using local language. For instance, students might first observe an increasing linear function by
noting, “Look! This is going up,” or, even further from academic language but with just as much
intuition, they might slant their arm at an angle and say, “It goes like this.” Their descriptions can
get progressively more technical as students first interact with each other. One might ask, “How
do you know it’s going up?” and hear in response, “The x and y values are increasing.” Later, with
their teachers or the whole class, they can learn that this regular increase can be attributed to slope.

This layering in of representations, observations, and academic language supports all students’
concept development, as the abstract terms emerge from observations they made in their own in-
teractions. Mathematics educator Judit Moschkovich (1999) argues that developing ideas through
representations is particularly important for English language learners, stating that diagrams,
gestures, and graphs do more than provide extralinguistic cues; rather, they become a focus of
meaning making for students.
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Summary

In an equitable mathematics classroom, content needs to be reconceptualized in two important
ways. First, mathematical knowledge includes more than just knowing how to do problems; it
includes how and why certain approaches work and make sense. This conception not only moves
school mathematics closer to the work of mathematicians, making it more rigorous, but also makes
it more accessible. Justifications for why mathematics works give students an important entry
point in mathematical thinking and help them understand and retain what they have learned.

This connection to student learning helps reconcile the seeming contradiction between making
mathematics more rigorous and simultaneously accessible. In fact, in the past thirty years, substan-
tial research has shown characteristics of robust mathematical thinking. If we want students to use
their knowledge flexibly, they need to understand what they are learning. To help them understand,
we must engage their prior conceptions. As has been suggested, mathematical thinking practices
such as argumentation and justification support such understanding while encouraging students to
view themselves as a source of mathematical knowledge. Finally, we are increasingly aware that
students learn more than just content in school; they learn who they are in relationship to academic
knowledge. Learning environments shape students’ motivation, affect, and identities in ways that
go beyond the traditional ideas about learning content.

Widely held assumptions about mathematics teaching do not hold true in a collaborative
learning context. First, not only do teachers not need to start off with easy problems; starting with
easy problems actually works against complex instruction. Challenging problems require greater
interdependence than easy ones and send students the message that they can do difficult math-
ematics. Second, group work should not be viewed as an opportunity for smart students to teach
struggling students. In a truly rich mathematical environment that supports multiple abilities, all
learners help each other see problems from different perspectives.

For these ideas to be effective, students must be given mathematical problems that are group-
worthy. That is, problems should (1) focus on central mathematical ideas, (2) be open-ended and
incorporate multiple intellectual abilities, (3) have some aspect that is open to interpretation and
offer multiple entry points into their solution, (4) work best when done in a group to bolster stu-
dent interdependence, and (5) be designed and implemented to ensure both individual and group
accountability.

Working with groupworthy problems can support the development of academic language,
giving students vital opportunities to use mathematical terms and forms of talk while discussing
ideas with their peers. This approach may particularly benefit English language learners, because
the concepts can emerge from experiences with representations that can be accessed without heavy
language demands. You can layer in increasingly complex academic language as students make
observations about a problem together.

In this chapter, we focused on what an expanded view of mathematics that would incorporate
mathematical thinking practices might look like and how those support students’ engagement with
challenging mathematical content. The example of the Fractions or Not? task illustrated some of
those ideas in a familiar context. I talked about the group question routine as an important part of
implementing the task in a groupworthy manner (fig. 4.3).

In the next chapter, I will elaborate on creating individual and group accountability systems in
collaborative mathematical learning.



Providing Access to Meaningful Mathematics: Groupworthy Tasks
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Fig. 4.3. Mathematics is broadened in the use of groupworthy tasks.
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